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A version of “semi-classical approximation” is known for the
laplacian on riemannian manifolds by Duistermaat and Weinstein.
which says that the ener gy levels of certain lagrangean submani-
folds in the cotangent bundle give approximate eigenvalues of the
laplacian aymptotically. Th $\mathrm{e}$ condition that those lagrangean sub-
manifolds must satisfy is called Maslov ’s quantization condition.
If a manifold has $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}.\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{d}\mathrm{e}\mathrm{S}\mathrm{i}_{\mathrm{C}}$flow, then the cotangent bun-
dle contains many such lagrangean submanifolds. So, one might
expect that approximations were obtained in such way for almost
all eigenval ues of the laplacian in this case.
In this note we consider a class of surfaces whose geodesic flow
$\mathrm{s}$ are integrable (Liouville surfaces defined over 2-shpere), and
show the two results: One is the absence of the corresponding
lagrangean sub manfiolds for certain eigenvalues; and the other
is the existence of new a pporoximate values, which are asymp-
totically finer along a certain direction even where the classical
approximations exist.























$L_{0}$ $L_{k}=(bk+1)L_{0}(k=0,1,2, \ldots)$ ( $b$
1, 2, 4 $m_{L}$ )
$2E|_{L_{k}}=(=(bk+1)^{2}e_{0})=e_{k}$




















2 1 $f1(x_{1}),$ $f_{2}(x_{2})(f_{\mathrm{i}}\in C^{\infty}(R/\alpha_{i}Z))$
$\bullet$ $1\geq f1(x_{1})\geq a\geq f_{2}(x_{2})\geq 0$ $(a\in(0,1)$ )
$\bullet$ $f_{i}(x_{i})$ $x_{i}=0,$ $\alpha_{i}/4$ even.
$\bullet$ $f1(0)=a,$ $f1(\alpha_{1}/4)=1$ $f1$
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$\bullet$ $f_{2}(0)=0,$ $f_{2}(\alpha_{2}/4)=a$ $f_{2}$





$S$ $S$ 2 $Rarrow$







( $F$ ) $S$
$TS$ ( ) $C_{-}^{\infty}$ section $F$ (
$T^{*}S$ ) $S$ –
4 1 $C$ $C$










$\lambda,$ $\mu\in R,$ $\epsilon=\pm 1$
$\triangle u=\lambda u$ , u $=\mu u$ , $\sigma^{*}u=\epsilon u$
$u=u(x_{1,2}x)$ 1 $u=u_{1}(x_{1})u_{2}(x_{2})$
1 $u_{i}\in C^{\infty}(R/\alpha_{i}Z)$ $\kappa=\mu/\lambda$
$u_{1}^{;;}(_{X_{1})}=-\lambda(f_{1}(X_{1})-a-\kappa)u1(x1)$ (2)
$u_{2}’’(x2)=-\lambda(a+\kappa-f_{2}(x_{2}))u1(x_{1})$ (3)







$(p, q)$ $z_{\geq 0}$
$0$
$(p, q, \epsilon)\in z_{\geq 0}\cross z_{\geq 0}\cross\{\pm 1\}$ (1) (5)
$u_{i}\in C^{\infty}(R/\alpha_{i}Z)(i=1,2)$ $\lambda,$ $\lambda\kappa$ –
$u=u_{1}(x_{1})u_{2}(X_{2})$ $S$ well-defined
$S$ (
) $z_{\geq\geq}0\cross Z0^{\cross}\{\pm 1\}$ 1 1 $0$
$(p, q, \epsilon)\in z_{\geq 0^{\mathrm{X}Z}}\geq 0\mathrm{X}\{\pm 1\}$ $\lambda,$ $\kappa$
$\lambda(p, q, \epsilon)$ , $\kappa(p,q, \epsilon)$
$p=q=0,$ $\epsilon=1$ $\lambda=0$ $\kappa$
1
$\lambda(p, q, \epsilon)=\{$
$(p+q)(p+q+1)$ if $\epsilon=1$ ,




$C_{1} \leq\frac{\sqrt{\lambda(p,q,\epsilon)}}{p+q}\leq c2$ (8)
$C_{1},$ $C_{2}$ $p,$ $q$
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4$(2E, F)$ $T^{*}S-\{0\}arrow R^{2}$ $F/2E\neq 1-a,$ $0,$ $-a$
regular ( $F/2E$ $[-a,$ $1-a]$ ) 1
2 disjoint union
$-1$ $F/2E=1-a,$ $-a$ 2 disjoint





$\kappa\geq 0$ $0\leq x_{1,0}<\alpha_{1}/4$ $f_{1}(x_{1,0^{)}}-a=\kappa$
$\kappa<0$ $0$ $x_{2,0}$ $\kappa>0$ $\alpha_{2}/4$
$\kappa\leq 0$ $0\leq x_{2,0}<\alpha_{2}/4$ $a-f_{2}(x_{2},0)=-\kappa$
(1) $2E=\lambda_{+},$ $F/2E=\kappa_{+}>0$
$\sqrt{\lambda_{+}}A_{1}(\kappa_{+})=\frac{\pi}{2}(p+\frac{1}{2})$ , $\sqrt{\lambda_{+}}A_{2}(\kappa_{+})=\frac{\pi}{2}q$ (10)
$p.$, $q\in$ Z>
(2) $2E=\lambda_{-},$ $F/2E=\kappa_{-}<0$
$\sqrt{\lambda_{-}}A_{1}(\kappa_{-})=\frac{\pi}{2}p$ , $\sqrt{\lambda_{-}}A_{2}(\kappa_{-})=\frac{\pi}{2}(q+\frac{1}{2})$ (11)
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$p,$ $q\in Z\geq 0$ $0$
$\kappa$ $A_{1}(\kappa)$ $A_{2}(\kappa)$
(1) (2)
(1) $\frac{A_{1}(0)}{A_{2}(0)}>\frac{p+\frac{1}{2}}{q}$ , (2) $\frac{A_{1}(0)}{A_{2}(0)}<\frac{p}{q+\frac{1}{2}}$ (12)
$\epsilon=1$ (12) (1)
$(p, q)$ (10) $\lambda+,$ $\kappa+$ –
$\lambda_{+}=\lambda_{+}(p, q, 1),$ $\kappa+=\kappa_{+}(p, q, 1)$
$C_{1},$ $C_{2}$





$(2kp+p+k, 2kq+q)$ $(k=0,1,2, \ldots)$
$\lambda_{k}=\lambda(2kp+p+k, 2kq+q, 1)$ , $e_{k}=\lambda_{+}(2kp+p+k, 2kq+q, 1)$
1 $A_{1}(0)/A_{2}(0)<p/(q+1/2)$
$(p, q)$ $\lambda_{-}$ 3
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$(p, q)$ $\lambda(p, q, 1)$
2
$\kappa+$ ( $\kappa$ ) critical value ( $0$ )











$C_{1}$ ( ) $C_{2},$ $C_{3,4}C$ ( )
$p+q\geq C_{1}$ , (15)
$|A_{2}(0)(p+ \frac{1}{4})-A_{1}(0)(q+\frac{1}{4})|\leq C_{2}\log(p+q+\frac{1}{2})$ (16)
1. $\sqrt{\lambda_{0}}|\kappa_{0}|\leq C_{3}$ , (13), (14) $\lambda_{0},$ $\kappa_{0}$ 1
2. $\sqrt{\lambda}|\kappa|\leq C_{3}$ ,
3. $|\sqrt{\lambda}-\sqrt{\lambda_{0}}|\leq C_{4}(p+q+1/2)^{-}2/3$ .
$\lambda=\lambda(p, q, 1),$ $\kappa=\kappa(p, q, 1)$ $\square$
2 $\kappaarrow 0$
$A_{1}(\kappa)+A_{2}(\kappa)=a_{0++}a1\kappa o(\kappa^{2})$










2 $\alpha_{1}=0$ $(p, q)$
$| \sqrt{\lambda}-\frac{\frac{\pi}{2}(p+q+\frac{1}{2})}{A_{1}(0)+A2(0)}|\leq\frac{C}{(p+q+1/2)2/3}$ .
$C$ $\square$
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